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$H$
positive $T$ positive
positive $\mathrm{d}\mathrm{e}\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{e}\text{ }$ $(Tx, x)\geq 0$ for all $x\in H$ $T\geq 0$
$T$ positive invertible $T$ ( strictly positive $T>0$
Theorem $\mathrm{F}$ L\"owner-Heinz : $A\geq B\geq 0$ ensures $A^{\alpha}\geq B^{\alpha}$ for
any $\alpha\in[0,1]$
Theorem $\mathrm{F}([6])$ .




hold for $p\geq 0$ and $q\geq 1$ with $(1+r)q\geq p+r$ .
Theorem $\mathrm{F}$ (i) (ii) $r=0$ L\"owner-Heinz
Theorem $\mathrm{F}$ $[3][13]$ [7] 1
Theorem $\mathrm{F}$ $p,$ $q,$ $r$
best possible [14]
Theorem $\mathrm{F}$
APPLICATIONS OF THEOREM $\mathrm{F}$
(A) OPERATOR INEQUALITIES
(1) Characterizations of operators satisfying $\log A\geq\log B$
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(2) Generalizations of Ando’s theorem
(3) Other order preserving operator inequalities
(4) Applications to the relative operator entropy
(5) Applications to Ando-Hiai $\log$ majorization
(6) Generalized Aluthge transformation
(B) NORM INEQUALITIES
(1) Several generalizations of Heinz-Kato theorem
(2) Generalizations of some theorems on norms
(3) An extension of Kosaki trace inequality and parallel results
(C) OPERATOR EQUATIONS
(1) Generalizations of Pedersen-Takesaki theorem and related results
Theorem $\mathrm{F}$ [10] Theorem $\mathrm{G}$
Theorem $\mathrm{G}([10])$ . If $A\geq B\geq 0$ with $A$. $>$. $0$ , then for each $t\in[0,1]$ and $.p\geq 1$ ,
$F_{p,t}(A, B, r, s)=A^{\frac{-r}{2}} \mathrm{f}A^{\frac{r}{2}}(A\frac{-t}{2}B^{p}A^{\frac{-t}{2}})SA\frac{r}{2}\}^{\frac{1-t+r}{(\mathrm{P}^{-t})s+r}}A^{\frac{-r}{2}}$
is decreasing for $r\geq t$ and. $s\geq 1$ , and $F_{p,t}(A, A, r, s)\geq F_{p,t}(A, B, r, S)$ , that is, for each
$t\in[0,1]$ and $p\geq 1$ ,
$A^{1t+r}-\geq\{A^{\frac{r}{2}}(A^{\frac{-t}{2}}BpA^{\frac{-t}{2})A^{\frac{r}{2}\}^{\frac{1-t+r}{(p-t)S+r}}}}S$
holds for any $s\geq 1$ and $r\geq t$ .
$\mathrm{A}\mathrm{n}\mathrm{d}_{0}-\mathrm{H}\mathrm{i}\mathrm{a}\mathrm{i}[2]$ $\log$ majorization
:
If $A\geq B\geq 0$ with $A>0$ , then
$A^{r} \geq\{A^{\frac{r}{2}}(A^{\frac{-1}{2}}B^{p}A^{\frac{-1}{2})^{r_{A\}^{\frac{1}{p}}}}}\frac{r}{2}$
holds for any $p\geq 1$ and $r\geq 1$ .
Theorem $\mathrm{G}$ Ando-Hiai Theorem $\mathrm{F}$ interpolate
$[4][8][9]$ [5] Theorem $\mathrm{G}$
Theorem $\mathrm{G}$ best possible [15]
Theorem $\mathrm{G}$ [11]
[12]
Theorem $\mathrm{H}([11])$ . Let $A.\geq B\geq 0$ with $A>0$ . For each $t\in[0,1],$ $q\geq 0$ and $p\geq$
$\max_{\backslash }$
.
$\{q. ’ t\}$ ,
$G_{p,q,t}(A, B, r, s)=A^{\frac{-r}{2}} \{A\frac{r}{2}(A\frac{-t}{2}BpA^{\frac{-t}{2})^{S}}A^{\frac{r}{2}}\}^{(}\Delta_{\frac{-t+r}{-t)_{S}+r}}PA^{\frac{-r}{2}}$
is decreasing for $r\geq t$ and $s\geq 1$ .
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Theorem $\mathrm{F}$ Theorem 1 Theorem 1 Theorem $\mathrm{H}$
Theorem $2_{\text{ }}$ Collorary 3
2 Results
Theorem $\mathrm{F}$ Theorem 1
Theorem 1. Let $A$ and $B$ be positive invertible operators satisfying
$A \geq(A^{\frac{1}{2}}BA^{\frac{1}{2})}\frac{\beta_{0}}{\alpha_{0}+\beta_{0}}$ for fixed $\alpha_{0}\geq 0$ and $\beta_{0}\geq 0$ with $\alpha_{0}+\beta_{0}>0$ .
Then the following (i) and (ii) hold and they are mutually equivalent:
(i) For any fixed $\delta\geq-\beta_{0}$ ,
$f(\lambda$ , \mu $)$ =A $(A2B^{\lambda}A \mu\mu\frac{\delta+\beta 0\mu}{\alpha 0\lambda+\beta 0\mu}2)A^{\text{ }}$
is decreasing for $\mu\geq 1$ and $\lambda\geq 1$ such that $\alpha_{0}\lambda\geq\delta$ .
(ii) For any fixed $\delta\leq\alpha_{0}$ ,
$f(\lambda, \mu)=A^{-}\lrcorner\neq(2A2B\lambda A2)^{\frac{\delta+\beta 0\mu}{\alpha_{0^{\lambda+\beta}0\mu}}}-\mu \mathit{1}\mathrm{i}\mathrm{A}--2\mathrm{i}\lrcorner$
is decreasing for $\lambda\geq 1$ and $\mu\geq 1$ such that $\beta_{0}\mu\geq-\delta$ .
Theorem 1 Theorem $\mathrm{H}$ Theorem 2
Theorem 2. Let $\mathrm{A}\geq B\geq 0$ with $A>0$ . For each $t\in[0,1]$ and $.p\geq t$ , the following (i)
and (ii) hold and they are mutually equivalent:
(i) If $q\geq 0$ , then
$G_{p,q,t}(A, B, r, S)=A^{\frac{-r}{2}} \{A^{\frac{r}{2}}(A^{\frac{-t}{2}}B^{p}A^{\frac{-t}{2})\}(p}s_{A}\frac{r}{2}\Delta_{\frac{-t+r}{-t)_{S}+r}}A\frac{-r}{2}$
is decreasing for $r\geq t$ and $s\geq 1$ such that $(p-t)s\geq q-t$ .
(ii) If $p\geq q$ , then
$G_{p,q,t}(A, B, r, S)=A^{\frac{-r}{2}} \{A\frac{r}{2}(A\frac{-t}{2}B^{p}A^{\frac{-t}{2}})^{s_{A}}\frac{r}{2}\}^{(p}\dot{\mathrm{p}}_{\frac{-t+r}{-t)_{S+}r}}A\frac{-r}{2}$
is decreasing for $s\geq 1$ and $r \geq\max\{t, t-q\}$ .
positive invertible $A,$ $B$ $\log A\geq\log B$ order
chaotic order $A\gg B$
$.[4.\cdot]_{0}$
chaotic order $[1][4]$
Theorem 1 chaotic order characterization
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Corollary 3. The following assertions are mutually equivalent:
(i) $A\gg B(i.e., \log A\geq\log B)$ .
(ii) For any fixed $q\geq 0$ ,
$F_{q}(p, r)--A^{\frac{-r}{2}}(A \frac{r}{2}B^{p}A^{\frac{r}{2})^{q}A}p^{\frac{+r}{+r}}\frac{-r}{2}$
is decreasing for $p\geq q$ and $r\geq 0$ .
(iii) For any fixed $q\leq 0$ ,
$F_{q}(p, r)=A^{\frac{-r}{2}}(A^{\frac{r}{2}}B^{p}A^{\frac{r}{2})A}q_{\frac{+r}{+r}}p \frac{-r}{2}$
is decreasing for $p\geq 0$ and $r\geq-q$ .
(i) (ii) [$4|[9|$
3 Proofs of results
Lemma $\mathrm{F}$ (Furuta $\mathrm{l}\mathrm{e}\mathrm{m}\mathrm{m}\mathrm{a}[10]$ ). Let $A>0$ and $B$ be an invertible operator. Then
$(BAB^{*})^{\lambda}=BA^{\frac{1}{2}}(A^{\frac{1}{2}}B^{*}BA \frac{1}{2})\lambda-1A^{\frac{1}{2}}B^{*}$
holds for any real number $\lambda$ .
Lemma 1. Let $A$ and $B$ be positive invertible operators satisfying
$A \geq(A^{\frac{1}{2}}BA^{\frac{1}{2})}\frac{\beta_{0}}{\alpha_{0}+\beta_{0}}$ for fixed $\alpha_{0}\geq 0$ and $\beta_{0}\geq 0$ with $\alpha_{0}+\beta_{0}>0$ . (3.1)
Then the following inequality holds:
$A^{\mu}\geq(A^{4}2B\lambda A2)^{\frac{\beta_{0\mu}}{\alpha_{0^{\lambda+\beta}0^{\mu}}}}\mu$ for $\lambda\geq 1$ and $\mu\geq 1$ . (3.2)
Proof of Lemma 1. $\beta_{0}=0$ (3.1) $A\geq I$ \mu $\geq 1$ $A^{\mu}\geq I_{\text{ }}$
(3.2) $\alpha_{0}=0$ (3.1) $\#\mathrm{h}I\geq B$ \mbox{\boldmath $\lambda$} $\geq 1$
$I\geq B^{\lambda}\text{ }$ (3.2) \alpha $>0,$ $\beta>0$ (3.1)
Theorem $\mathrm{F}$ (ii)
$A^{1+r_{1}} \geq\{A^{\underline{r}_{2}}\perp(A^{\frac{1}{2}}BA\frac{1}{2})\frac{\beta}{\alpha_{0}}+\mathrm{m}^{p}\mathrm{o}\beta-A^{\lrcorner}r_{2}\}\frac{1\text{ _{}\mathrm{L}}}{p1}$ for any $p_{1}\geq 1$ and $r_{1}\geq 0$ . (3.3)
(3.3) $p_{1}= \frac{\alpha_{0}+\beta_{0}}{\beta_{0}}\geq 1$
$A^{1+r_{1}}\geq(A^{\frac{1}{2}(1+1}r)BA^{\frac{1}{2}}(1+r_{1}))^{\frac{(1+r_{1})\beta_{0}}{\alpha 0+\beta 0+\beta 0^{r}1}}$ for any $r_{1}\geq 0$ . (3.4)
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(3.4) \mu =l+rl $\geq 1$
$A^{\mu}\geq(A^{\mu e\frac{\beta 0\mu}{\alpha_{0}+\beta_{0^{\mu}}}}2BA2)$ for $\mu\geq 1$ (3.5)
Lemma $\mathrm{F}$ (3.5)
$(B^{\frac{1}{2}}A^{\mu}B \frac{1}{2})^{\frac{\alpha_{0}}{\alpha_{0}+\beta_{0^{\mu}}}}\geq B$ for $\mu\geq 1$ (3.6)
(3.6) Theorem $\mathrm{F}$ (i)
{ $B^{\underline{r}_{2}}(B^{\frac{1}{2}A}2 \mu B^{\frac{1}{2})+\beta B\}}\frac{\alpha}{\alpha_{0}}\mathrm{L}P\mathrm{r}0\mu Zr_{2}\frac{1+r}{\mathrm{p}_{2}+r_{2}}\geq B^{1+r_{2}}$ for any $p_{2}\geq 1$ and $r_{2}\geq 0$ . (3.7)
(3.7) $p_{2}= \frac{\alpha 0+\beta 0\mu}{\alpha_{0}}\geq 1$
$(B^{\frac{1}{2}(r_{2}}1+)A \mu B\frac{1}{2}(1+r_{2}))^{\frac{(1+\prime_{2})\alpha_{0}}{\alpha_{0}+\beta 0\mu+\alpha_{0^{r}2}}}\geq B^{1+r_{2}}$ for any $r_{2}\geq 0$ . (3.8)
(3.8) \mbox{\boldmath $\lambda$}=l+r2 $\geq 1$
$(B^{\frac{\lambda}{2}}A^{\mu}B \frac{\lambda}{2})^{\frac{\alpha_{0}\lambda}{\alpha_{0^{\lambda+\beta}0^{\mu}}}}\geq B^{\lambda}$ for $\lambda\geq 1$ and $\mu\geq 1$ . (3.9)
Lemma $\mathrm{F}$ (3.9) (3.2) Lemma 1
Proof of Theorem 1.
Proof of (i). (i) $\delta,$ $\alpha_{0},$ $\beta 0,$ $\lambda$
for any fixed $\delta\geq-\beta_{0}$ and $\lambda\geq 1$ such that $\alpha_{0}\lambda\geq\delta$ . (3.10)
(a) Proof of the result that $f(\lambda, \mu)$ is decreasing for $\lambda\geq 1$ such that $\alpha\lambda\geq\delta$ .
Theorem 1 Lemma 1
$A^{\mu}\geq(A^{\mu}2B^{\lambda}A2)^{\frac{\beta_{0\mu}}{\alpha_{0}\lambda+\beta_{0\mu}}}\mathrm{A}$ for $\lambda\geq 1$ and $\mu\geq 1$ . (3.2).
(3.2) Lemma $\mathrm{F}$
( $B^{\frac{\lambda}{2}}A^{\mu}B^{\frac{\lambda}{2})^{\overline{\alpha\lambda}}}\mathrm{o}+\beta 0\alpha \mathrm{R}\lambda\overline{\mu}\geq B^{\lambda}$ for $\lambda\geq 1$ and $\mu\geq 1$ (3.9)
(3.9) L\"owner-Heinz
$(B^{\frac{\lambda}{2}}A^{\mu}B \frac{\lambda}{2})^{\frac{\alpha_{0}w}{\alpha_{0^{\lambda+\beta}0\mu}}}\geq B^{w}$ for $\lambda\geq 1,$ $\mu\geq 1$ and any $w$ such that $\lambda\geq w\geq 0$ . (3.11)
$g( \lambda)=(A^{\mathrm{A}}2B^{\lambda}A2)\mu\frac{\delta+\beta_{0\mu}}{\alpha_{0^{\lambda+\beta}0\mu}}$ $f(\lambda, \mu)=A\text{ }g(\lambda)A\text{ }$
$g(\lambda)=(A2B^{\lambda}A^{\mu}2)^{\frac{\delta+\beta 0\mu}{\alpha_{0^{\lambda+\beta}0^{\mu}}}}t\mathrm{i}$
$=\{(A^{\mu}2B^{\lambda}A^{\mathrm{A}}2)^{\frac{\alpha_{0}\lambda+\beta 0\mu+\alpha_{0}w}{\alpha_{0^{\lambda+\beta}0\mu}}\}^{\frac{\delta+\beta_{0\mu}}{\alpha 0^{\lambda+\beta}0^{\mu}+\alpha 0^{w}}}}$





‘ (3.10) $\frac{\delta+\beta 0\mu}{\alpha_{0}\lambda+\beta 0\mu+\alpha 0w}\in[0,1]$ (3.11) L\"owner-
Heinz $f(\lambda, \mu)=A^{\text{ _{}g}}(\lambda)A\text{ }\alpha\lambda\geq\delta \text{ }\lambda\geq 1$
: . $\cdot$
(b) Proof of the result that $f(\lambda, \mu)$ is decreasing for $\mu\geq 1$ .
Lemma $\mathrm{F}$ \ddagger $\text{ }f(\lambda, \mu)$ aa
$f( \lambda, \mu)=A^{-\lrcorner}2(-\mathrm{i}A^{\mu}2B^{\lambda}A^{-}-_{2}^{\mathit{1}}\mathrm{i})\frac{\delta+\beta_{0\mu}}{\alpha_{0^{\lambda+\beta}0\mu}}A^{-\lrcorner}-2^{\neq}$
$=B^{\frac{\lambda}{2}}(B^{\frac{\lambda}{2}A}\mu B^{\frac{\lambda}{2}})^{\frac{\delta-\alpha 0\lambda}{\alpha_{0^{\lambda+\beta}0\mu}}\frac{\lambda}{2}}B$ (3.12)
(3.2) L\"owner-Heinz
$A^{v}\geq(A^{\mu}2B\lambda A2\mathrm{A})^{\frac{\beta_{0}v}{\alpha_{0^{\lambda+\beta}0^{\mu}}}}$ for $\lambda\geq 1,$ $\mu\geq 1$ and any $v$ such that $\mu\geq v\geq 0$ . (3.13)
$h( \mu)=(B^{\frac{\lambda}{2}}A^{\mu}B\frac{\lambda}{2})^{\frac{\delta-\alpha_{0}\lambda}{\alpha_{0^{\lambda+\beta}0^{\mu}}}}$ (3.12) $f(\lambda, \mu)=B^{\frac{\lambda}{2}}h(\mu)B^{\frac{\lambda}{2}}$
$h( \mu)=(B\frac{\lambda}{2}A\mu B\frac{\lambda}{2})^{\frac{\delta-\alpha 0\lambda}{\alpha_{0^{\lambda+\beta}0\mu}}}$
$= \{(B^{\frac{\lambda}{2}}A^{\mu}B\frac{\lambda}{2})^{\frac{\alpha_{\cap}\lambda+\beta\cap\mu+\beta_{\cap^{v}}}{\alpha_{0^{\lambda+\beta}0^{\mu}}}}\}\frac{\delta-\alpha_{0}\lambda}{\alpha_{0}\lambda+\beta_{0}\mu+\beta 0^{v}}$
$= \{B^{\frac{\lambda}{2}}A^{\mu}2(A^{\mathrm{A}}2B\lambda A^{\mu\frac{\beta_{0}v}{\alpha_{0^{\lambda+\beta}0^{\mu}}}}2)A^{\mu}2B\frac{\lambda}{2}\}^{\frac{\delta-\alpha_{0}\lambda}{\alpha_{0}\lambda+\beta_{0}\mu+\beta 0^{v}}}$ by Lemma $\mathrm{F}$
$\geq(B^{\frac{\lambda}{2}}A^{\mathrm{A}}A^{v}A2\mu B^{\frac{\lambda}{2}})^{\frac{\delta-\alpha_{0}\lambda}{\alpha_{0}\lambda+\beta_{0}\mu+\beta 0^{v}}}$
$=(B^{\frac{\lambda}{2}}A^{\mu v_{B^{\frac{\lambda}{2})^{\frac{\delta-\alpha_{0}\lambda}{\alpha_{0}\lambda+\beta \mathrm{o}(\mu+v)}}}}}+=h(\mu+v)$ .
(3.10) $\frac{\delta-\alpha 0\lambda}{\alpha_{0}\lambda+\beta 0\mu+\beta_{0}v}\in[-1,0]$ (3.13) L\"owner-
Heinz inverse $f( \lambda, \mu)=B\frac{\lambda}{2}h(\mu)B^{\frac{\lambda}{2}}$
\mu \geq 1 (i)
Proof of (ii). (ii) $\delta,$ $\alpha_{0},$ $\beta 0,$ $\mu$
for any fixed $\delta\leq\alpha_{0}$ and $\mu..\geq 1$ such that $\beta_{0}\mu\geq\sim.-\delta$ . (3.14)
(3.1) ? Lemma $\mathrm{F}$ inverse
$B^{-1}\geq(B^{\frac{-1}{2}A^{-1}B^{\frac{-1}{2})^{\frac{\alpha_{0}}{\alpha_{0}+\beta_{0}}}}}$ for fixed $\alpha_{0}\geq 0$ and $\beta_{0}\geq 0$ with $\alpha_{0}+\beta_{0}>0$ (3.15)
(3.15) (3.1) Lemma





$(3.15),(3.16)$ (i) \mbox{\boldmath $\delta$} $\geq-\alpha_{0}$




Proof of Theorem 2. $A,$ $B$ ( invertible $t=0$ [8, Theorem
3] $P\geq t>0$
Proof of (i). $x=A^{\frac{-t}{2}B^{p}A} \frac{-l}{2}$ $X$ positive invertible $A\geq B$
$A \geq(A^{\frac{t}{2}}XA^{\frac{t}{2}})\frac{1}{\mathrm{p}}$ $\beta 0=t\in(0,1],$ $\alpha_{0}=p-t\geq 0$ $A\geq$
$(A^{\frac{t}{2}}XA^{\frac{t}{2}}) \frac{1}{\alpha_{0}+\beta_{0}}$ L\"owner-Heinz
$A^{t} \geq(A^{\frac{t}{2}}XA^{\frac{t}{2}})\frac{\beta_{0}}{\alpha_{0}+\beta_{0}}$
$r=\mu\beta 0=\mu t\geq t,$ $\delta=q-t$ $f(s, \mu)=A^{-\mu}-2(A2X^{s}A^{\Delta}2\underline{t}Ltt_{-})\overline{\alpha}_{0^{S}}+\delta\ovalbox{\tt\small REJECT}+\frac{t}{\mu t}A^{-A^{\underline{t}}}-_{2}$
$f(s, \mu)=A^{-_{2}}(A^{L^{t}}-_{\mathrm{A}^{\underline{t}}}2XsA^{\pm_{2}}-)\frac{\mathit{5}}{\alpha_{0}}S+\ovalbox{\tt\small REJECT}_{\frac{t}{\mu t}}A^{-}t-+A_{-}\text{ }$
$=A^{\frac{-r}{2}\{A^{\frac{r}{2}}}(A^{\frac{-t}{2}B^{p}A^{\frac{-t}{2})}}sA^{\frac{r}{2}}\}^{\frac{q-t+r}{(p-t)_{S+}r}}A^{\frac{-r}{2}}$
$=G_{p,q,t}(A, B, r, S)$ . (3.17)
$q\geq 0$ \mbox{\boldmath $\delta$} $\geq-\beta_{0}$ Theorem 1 (i) $f(s, \mu)$ \alpha 0 s\geq \mbox{\boldmath $\delta$}
$s\geq 1,$ $\mu\geq 1$ $G_{p,q,t}(A, B, r, S)$ $(p-t)s\geq q-t$
$s\geq 1,$ $r\geq t$ (i)
Proof of (ii). $P\geq q,$ $r\geq t-q$ Theorem 1 (ii)
\mbox{\boldmath $\delta$} $\leq\alpha_{0},$ $\beta_{0}\mu\geq-\delta$ Theorem 1 (ii) (3.17) $G_{p,q,t}(A, B, r, S)$
$s\geq 1,$ $r \geq\max\{t, t-q\}$ (ii) (i)
(ii) Theorem 1
Theorem 2
Proof of Corollary 3. (3.18) $[4][9]$ [1]
$A\gg B$ holds if and only if $A^{r} \geq(A^{\frac{r}{2}}B^{p}A\frac{r}{2})^{\frac{r}{p+r}}$ for all $p\geq 0$ and $r\geq 0$ . (3.18)
$(\mathrm{i})\Rightarrow(\mathrm{i}\mathrm{i})$ . $(\mathrm{i})$ (3.18) Theorem 1 (i)
$q\geq 0$
$f( \lambda, \mu)=A^{\frac{-r}{2}}(A^{\underline{r}_{2}}B^{p\lambda}A^{\lrcorner}2^{\mathrm{i}})\mu\mu r\frac{q+r\mu}{p\lambda+r\mu}A^{\frac{-r\mu}{2}}$
$p\lambda\geq q$ \mbox{\boldmath $\lambda$} $\geq 1,$ $\mu\geq 1$
$q\geq 0$ $F_{q}(p, r)$ $p\geq q,$ $r\geq 0$
$(\mathrm{i})\Rightarrow(\mathrm{i}\mathrm{i}\mathrm{i})$ . Theorem 1 (ii) $(\mathrm{i})\Rightarrow(\mathrm{i}\mathrm{i})$
$(\mathrm{i}\mathrm{i})\Rightarrow(\mathrm{i})$ . $F_{q}(p, r)$ $r\geq 0$
$p\geq 0,$ $r\geq 0$ $(p, 0)\geq F_{0}(p, r)_{\text{ }}$ $I \geq A^{\frac{-r}{2}}(\mathrm{A}^{\frac{r}{2}}B^{p}A^{\frac{r}{2})^{\frac{r}{p+r}A}}\frac{-r}{2}\text{ }$ $A^{r}\geq$
$(A^{\frac{r}{2}}B^{p}A \frac{r}{2})^{\frac{r}{p+r}}$ (3.18) $A\gg B$
(iii) $\Rightarrow(\mathrm{i})$ . $(\mathrm{i}\mathrm{i})\Rightarrow(\mathrm{i})$ .- . , ..
Corollary 3
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